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Presented here is the two-phase thermodynamic (2PT) model for the calculation of energy and entropy of
molecular fluids from the trajectory of molecular dynamics (MD) simulations. In this method, the density of
state (DoS) functions (including the normal modes of translation, rotation, and intramolecular vibration motions)
are determined from the Fourier transform of the corresponding velocity autocorrelation functions. A fluidicity
parameter (f), extracted from the thermodynamic state of the system derived from the same MD, is used to
partition the translation and rotation modes into a diffusive, gas-like component (with 3Nf degrees of freedom)
and a nondiffusive, solid-like component. The thermodynamic properties, including the absolute value of
entropy, are then obtained by applying quantum statistics to the solid component and applying hard sphere/
rigid rotor thermodynamics to the gas component. The 2PT method produces exact thermodynamic properties
of the system in two limiting states: the nondiffusive solid state (where the fluidicity is zero) and the ideal
gas state (where the fluidicity becomes unity). We examine the 2PT entropy for various water models (F3C,
SPC, SPC/E, TIP3P, and TIP4P-Ew) at ambient conditions and find good agreement with literature results
obtained based on other simulation techniques. We also validate the entropy of water in the liquid and vapor
phases along the vapor-liquid equilibrium curve from the triple point to the critical point. We show that this
method produces converged liquid phase entropy in tens of picoseconds, making it an efficient means for
extracting thermodynamic properties from MD simulations.
1. Introduction
The thermodynamic properties of water (especially the energy
and entropy) provide valuable insights into its role in various
biological processes1,2 (protein folding, ligand binding, etc.).
There has been growing interest in the evaluation of absolute
entropy of water, and several methods are proposed to determine
the entropy of water from the results of molecular dynamics
simulations. For example, White and Meirovitch3,4 proposed a
hypothetical scanning method which determines the absolute
entropy and free energy from the Boltzmann probability
distribution. Lizaridis and Karplus5 showed that the entropy can
be obtained from truncated expansion of molecular pair cor-
relation functions.6 More recently, Sharma et al.7 report the
accuracy of entropy determined from the two-body pair cor-
relation function determined from atom-atom radial distribution
functions. Tyka et al.8 proposed a confinement method that
determines the absolute entropy using thermodynamic integra-
tion from a hypothetical harmonic state to the liquid state.
Henchman9 demonstrated estimation of entropy from cell theory,
in which the entropy is calculated within the harmonic ap-
proximation in the potential surface. These methods have been
applied to water but only under limited conditions (e.g., at 1
atm and 25 °C). Furthermore, the harmonic approximations
implicit in some of these methods make the results suspect since
anharmonic effects are known to be important in diffusive
systems.10,11 It is thus questionable whether these methods would
be applicable to study the properties of water under various
physical and chemical environments around biological mol-
ecules.12
Recently, Lin et al.11 developed the two-phase thermodynamic
(2PT) model that determines the thermodynamic properties of
a system from its density of state (DoS) function (the Fourier
transform of the velocity autocorrelation function) by separating
out the diffusional contributions from the vibrational contribu-
tions. This separation is critical since the DoS is generally finite
for zero frequency (being proportional to the diffusion constant)
so that blind application of the quantum statistical formulas for
vibration would lead to infinite entropy. The DoS function
provides information about the normal mode distribution of the
system and about diffusion. Thus, the zero frequency intensity
in the DoS is proportional to the diffusivity of the system.13
For solids, the DoS function represents the phonon spectrum
as in the Debye-Einstein model.14 This allows thermodynamic
properties to be obtained by treating the system as a continuous
collection of noninteracting quantum harmonic oscillators. For
gases, the DoS decays exponentially with frequency so that such
harmonic approximations are not valid, but the classical theory
for gases can be used to determine the thermodynamic proper-
ties. Lin et al.11 observed that the DoS of fluids possesses the
key features of both the gas and the solid. A fluidicity parameter,
f, was derived to determine the weights of the gas-like and the
solid-like components in any system. Applying the proper
theories to each DoS component, they showed that accurate
thermodynamic properties (with quantum corrections) of mona-
tomic gases can be obtained over the whole phase diagram (gas,
liquid, and solid), leading to excellent quantitative agreement
with the results of a very accurate equation of state in all regions
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(gas, liquid, solid, supercritical, and even in the metastable and
unstable regions).
In this work, we extend the 2PT model to molecular systems,
showing that the rotational DoS may also be considered as the
superposition of that of free (gas) and hindered (solid) rotors.
Therefore, rotational contributions to the thermodynamic prop-
erties can be obtained in a way similar to the translational
motions. We validate this idea with water whose thermodynamic
properties are known accurately over a large range of temper-
ature and pressure conditions (e.g., steam tables). We find that
2PT provides very accurate values of energy and entropy from
a short (∼10 ps) molecular dynamics simulations.
2. Theory
2.1. Density of State Function. The density of state function,
S(υ), is defined as the mass weighted sum of the atomic spectral
densities11,13
where mj is the mass of atom j and N is the total number of
atoms of the system. The spectral density sjk(υ) of atom j in the
k direction (k ) x, y, and z in the Cartesian coordinate) is
determined from the square of the Fourier transform of the
velocities as
where Vjk(t) is the k-component of the velocity vector of atom j
at time t. The atom spectral density and the density of state
function may also be obtained from the Fourier transform of
the velocity autocorrelation function.11,13
The physical significance of S(υ) is that it represents the
density of normal modes of the system at frequency υ
where υin represents the ith of the 3N normal-mode frequencies
of the system. In other words, S(υ)dυ is the number of modes
of a system moving within the frequency range of υ to υ + dυ.
Therefore, the integration of S(υ) gives the total degrees of
freedom of the system, i.e.
Furthermore, the intensity of S(υ) at zero frequency is associated
with the diffusivity D of the particles11,13
2.2. Two-Phase Thermodynamic Model (2PT) for Ther-
modynamic Properties. 2.2.1. Thermodynamic Properties of
Systems Undergo Harmonic Motions. For solid state systems
(e.g., crystals), where all the normal modes are essentially
harmonic, the canonical partition function, Q, can be determined
as the product of those of harmonic oscillators (qHO(υ)) having
the same vibration frequencies, i.e.
where qHO(υ) ) (exp(-hυ/2))/(1 - exp(-hυ/2)) with  )
1/kT and h being the Plank constant. The thermodynamic
properties of such systems can be expressed in terms of the
integration of the density of state function weighted by the
corresponding property weighting functions11,13
where the energy, entropy, and Helmholtz free energy weighting
functions are
The reference energy E0 is the potential energy of the system
at 0 K. For convenience, we choose to subtract the kinetic energy
from the total energy (e.g., EMD in a molecular dynamic
simulation) as
Equation 9 ensures that the total energy E (eq 7a) determined
from a classical MD simulation is the same as the sum of
energies of classical harmonic oscillators (qHOC (υ) ) (1/(hυ))
standing still.11
The set of equations presented in this section are also referred
to as the one-phase thermodynamic (1PT) model.
2.2.2. Thermodynamic Properties of Monatomic Fluids. The
DoS of monatomic gases and liquids represents the translational
motions of the molecules. The low frequenciy modes (diffusive
motions and libration), which are highly anharmonic, dominate
the properties of the system; therefore, eqs 7a to 9 are no longer
valid. Lin et al. resolved this problem by treating the density of
states of a fluidic system as the sum of a gas-like (Sg(υ)) and a
solid-like (Ss(υ)) contribution11
S(υ) ) 2kT ∑j)1
N
∑
k)1
3
mjsj
k(υ) (1)
sj
k(υ) ) lim
τ-∞
1
2τ | ∫-ττ Vjk(t)e-i2πυtdt|2 (2)
S(υ) ) ∑
i)1
3N
[δ(υ - υin) + δ(υ + υin)] (3)
∫0∞ S(υ)dυ ) 3N (4)
S(0) ) 12mNDkT (5)
ln Q ) ∫0∞ dυS(υ)ln qHO(υ) (6)
E ) E0 + T
-1(∂ ln Q∂T )N,V ) E0 + -1 ∫0∞ dυS(υ)WE(υ)
(7a)
S ) k ln Q + -1(∂ ln Q∂T )N,V ) k∫0∞ dυS(υ)WS(υ)
(7b)
A ) E0 - 
-1 ln Q ) E0 + -1 ∫0∞ dυS(υ)WA(υ)
(7c)
WE(υ) ) hυ2 +
hυ
exp(hυ) - 1 (8a)
WS(υ) ) hυexp(hυ) - 1 - ln[1 - exp(-hυ)]
(8b)
WA(υ) ) ln 1 - exp(hυ)exp(-hυ/2) (8c)
E0 ) E
MD - -13N (9)
S(υ) ) Sg(υ) + Ss(υ) (10)
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where Sg(υ) accounts for all the diffusive components (i.e., S(υ
) 0) ) Sg(υ ) 0) ) strn0 ), and the solid component is
nondiffusive (Ss(0) ) 0). The density of states of the gas-like
component is assumed to be that of hard spheres11
where strn0 ) S(0) is the intensity of the density of state of the
real system at zero frequency. The variable ftrn indicates the
translational fluidicity of the system (total degrees of freedom
of the gas-like component is ∫0∞Sg(υ)dυ ) 3Nftrn). In the high-
temperature and/or low density limit where the fluid is nearly
a gas of hard spheres, the value of ftrn should be unity. In the
high density limit where the system is a solid, ftrn should be
zero. Lin et al.11 suggested that these limiting values can be
met by setting the value of ftrn to be the ratio of the diffusivity
of the system to that of a hard sphere gas under the same
temperature and density. A universal equation can thus be
derived for the fluidicity as (readers are referred to ref 11 for
derivation details)
where f ) ftrn for the translational contributions, and the
dimensionless diffusivity constant ∆ is a function of material
properties
where V is the volume of the system. [Note that f ) ftrn (in eq
12) and s0 ) strn0 (in eq 13) for translational motions.] Therefore,
the thermodynamic state (N,V,T) of the system and the diffu-
sivity (s0) obtained from MD simulation uniquely determine the
value of ∆ (eq 13) and thus the fluidicity ftrn (eq 12) and Sg(υ).
The value of f increases monotonically with increasing ∆ (see
Figure 2 in ref 11). For small values of ∆ (<10-4), the last two
terms on the right side of eq 12 dominate, and thus f 1. For
large values of ∆ (>102), the first term dominates and f f 0.
With this 2PT decomposition of the density of states, the
thermodynamic properties of the system are determined as the
sum of the gas and solid contributions
where the weighting functions for the solid-like component
(WEs (υ), WSs (υ), and WAs (υ)) are the same as those in eq 8a, and
those for the gas-like component are
where SHS is the hard sphere entropy
and y ) (f trn5/2)/(∆3/2). z(y) is the compressibility factor from the
Carnahan-Starling equation of state of hard sphere gases
The reference energy now becomes
Equations 10-18 constitute the 2PT method for obtaining
thermodynamic properties of monatomic fluids (e.g., argons)
based on the density of state distribution.1,11,15,16
2.2.3. Thermodynamic Properties of Polyatomic Fluids. For
polyatomic species (e.g., water), it is possible to decompose
the total density of state functions into contributions from
molecular translation (Strn(υ)), rotation (Srot(υ)), and vibration
(Svib(υ))
where the Strn(υ) is determined from the center of mass velocities
of all the molecules, and Svib(υ) is determined from intramo-
lecular vibration velocities. The rotational density of state is
determined from the angular velocity (analogous to eqs 1 and
2)
where Ilk is the k-th principle moment of inertia of molecule
l;ωlk is the angular velocity along the k principal axis; and M is
the total number of molecules in the system.
In analogy to the gas-solid decomposition for the transla-
tional spectrum (eq 10), the anharmonic effect in rotational
motions can be treated by decomposing the rotational density
of state into a gas and a solid-like component
with the gas component being determined as
Sg(υ) ) strn
0
1 + [πstrn0 υ6ftrnN ]2 (11)
2∆-9/2f 15/2 - 6∆-3f 5 - ∆-3/2f 7/2 +
6∆-3/2f 5/2 + 2f - 2 ) 0 (12)
∆(T, V, N, m, s0) ) 2s
0
9N (πkTm )1/2(NV )1/3( 6π)2/3 (13)
E ) E0 + 
-1[∫0∞ dυSs(υ)WEs (υ) + ∫0∞ dυSg(υ)WEg(υ)]
(14a)
S ) k[∫0∞ dυSs(υ)WSs (υ) + ∫0∞ dυSg(υ)WSg(υ)]
(14b)
A ) E0 + 
-1[∫0∞ dυSs(υ)WAs (υ) + ∫0∞ dυSg(υ)WAg (υ)]
(14c)
WE
g(υ) ) WEHS(υ) ) 0.5 (15a)
WS
g(υ) ) WSHS(υ) ) 13
SHS
k (15b)
WA
g (υ) ) WAHS(υ) ) WEHS(υ) - WSHS(υ) (15c)
SHS(ftrnN, V, T)
k )
5
2 + ln[(2πmkTh2 )3/2 VftrnNz(y)] + y(3y - 4)(1 - y)2 (16)
z(y) ) 1 + y + y
2 - y3
(1 - y)3
(17)
E0 ) E
MD - -13N(1 - 0.5ftrn) (18)
S(υ) ) Strn(υ) + Srot(υ) + Svib(υ) (19)
Srot(υ) ) ∑
l)1
M
∑
k)1
3
lim
τ-∞
Il
k
τ | ∫-ττ ωlk(t)e-i2πυtdt|2 (20)
Srot(υ) ) Srotg (υ) + Srots (υ) (21)
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with srot0 ) Srot(υ ) 0) so that all the rotational diffusional
behavior is considered in the gas component and the rotational
fluidicity frot is determined from eqs 12 and 13 with s0 ) srot0 .
Therefore, the value of Srot(0) and frot uniquely determines Sgrot(υ)
and thus Ssrot(υ).
The thermodynamic properties of molecular fluids are deter-
mined as a sum of contributions from the corresponding
translation, rotation, and vibration motions
and the properties associated with each type of motions
determined from the corresponding density of state functions
where m ) trn (center of mass translation), rot (rotation), or
vib (intramolecular vibration). For vibration motions (m ) vib),
the gas component is always zero, Svibg (υ) ) 0; i.e., all vibrational
motions are taken as harmonic, Svib(υ) ) Svibs (υ).
The harmonic weighting functions (eq 8a) are used for all
solid components (Wm,Es (υ),Wm,Ss (υ), and Wm,As (υ)). The hard
sphere weighting functions (eq 15a) are used for the gas-like
component of the translational motions (Wtrn,Eg (υ),Wtrn,Sg (υ), and
Wtrn,As (υ)). The ideal gas weighting functions are used for the
gas-like component of rotational motions
where (SR/k) ) ln{[(π1/2e3/2)/(σ)](T3/(ΘAΘBΘC))1/2}is the rota-
tional entropy of a rigid body with rotational temperatures ΘA
) h2/(8π2IAk) and σ is the rotational symmetry. The reference
potential energy is taken to be
It should be noted that the 2PT method provides the correct
thermodynamic properties in the limits of (1) crystalline solid
where the molecular diffusivity is zero (and hence ftrn ) frot )
0, and the system possesses only solid-like component) and (2)
ideal gas where the fluidicity ftrn and frot are unity. We will
demonstrate that this method does provide reliable values of
thermodynamic properties of water for conditions between these
two limits.
3. Computational Details
The entropy of water along the vapor-liquid saturation
curve is examined using five water models, F3C,17 TIP3P,18
TIP4P-Ew,19 SPC,20 and SPC/E.21 We use a 3-dimensional
periodic unit cell containing 512 water molecules at desired
densities. We took the temperature and density of the vapor
and liquid phases from the steam table.22 Open source
package LAMMPS23 was used for all constant volume,
temperature, and number of particle (NVT) molecular
dynamics simulations. At each temperature and density, the
system was first equilibrated for 1-2 ns followed by 100 ps
to 1 ns NVT simulations for entropy calculations. Long-range
interactions were included using the particle-particle
particle-mesh Ewald method24 (with a precision of 4.18 ×
10-5 kJ/mol), and the Nose-Hoover thermostat25 was used
to control the temperature (with the relaxation time set to
0.1 ps). The integration time step was set to 1 fs, and the
simulation trajectory (energy, atomic coordinates, and veloci-
ties) was recorded every 4 fs. We used a cutoff value for
van der Waals interaction of 9.5 Å and for real-space Ewald
of 8.5 Å.
To determine the density of state function for the three types
of motions, the atomic velocity was decomposed into translation,
rotation, and vibration components at every step, i.e.
The translational velocity (VFj,trn) on atom j is set to be the
center of mass velocity of the molecule to which the atom
belongs. The angular velocity (ωF) is determined from the
angular momentum ( LF) and the (inverse of) principle mo-
ments of inertia tensor (I)
where rFj is the position vector of atom j to the center of mass of
the molecule, and the summation is over all the atoms in the
molecule. The rotational velocity is then obtained from VFj
rot )
ωF×rFj and the vibrational velocity from VFj,vib ) VFj - VFj,trn - VFj,rot.
Once the velocity components are determined, the density of state
functions Sm(υ) are calculated from eq 1 (for m ) trn and vib) and
eq 20 (for m ) rot).
To determine thermodynamic properties using the 2PT model,
the constants ∆ are first calculated from eq 13 for the translation
(where s0 ) Strn(0)) and rotation (where s0 ) Srot(0)), respec-
tively. The corresponding fluidicity factors ftrn and frot were then
solved from eq 14a (using Newton’s method). Having Strn(0)
and ftrn, the DoS of the gas component Sgtrn(υ) is completely
determined (eq 11). The solid component Sstrn(υ) is obtained
by subtracting Sgtrn(υ) from the total Strn(υ) of the real system.
Similarly, Srot(0) and frot completely determine Sgrot(υ) (eq 22)
and thus Ssrot(υ). The thermodynamic properties are then
Srot
g (υ) ) srot
0
1 + [πsrot0 υ6frotN ]2 (22)
E ) E0 + Etrn + Erot + Evib (23a)
S ) Strn + Srot + Svib (23b)
A ) E0 + Atrn + Arot + Avib (23c)
Em ) 
-1[∫0∞ dυSms (υ)Wm,Es (υ) + ∫0∞ dυSmg (υ)Wm,Eg (υ)]
(24a)
Sm ) k[∫0∞ dυSms (υ)Wm,Ss (υ) + ∫0∞ dυSmg (υ)Wm,Sg (υ)]
(24b)
Am ) 
-1[∫0∞ dυSms (υ)Wm,As (υ) + ∫0∞ dυSmg (υ)Wm,Ag (υ)]
(24c)
Wrot,E
g (υ) ) 0.5 (25a)
Wrot,S
g (υ) ) 13
SR
k (25b)
Wrot,A
g (υ) ) Wrot,Eg (υ) - Wrot,Sg (υ) (25c)
E0 ) E
MD - -13N(1 - 0.5ftrn - 0.5frot) (26)
Vj
k(t) ) Vj,trnk (t) + Vj,rotk (t) + Vj,Vibk (t) (27)
LF)∑ mj(rFj × VFj) ) IωF (28)
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determined from eqs 23a, 24a, and 26 with the gas and harmonic
weighting functions given in eqs 8a, 15a, and 25a.
4. Results and Discussion
4.1. Entropy of Various Water Models. Figure 1 illustrates
the density of state functions for SPC waters determined at 25 °C
and 1 g/cm3. Through velocity decomposition, we obtain the
translation and rotation component of S(υ). [Note that SPC is a
rigid water model, and thus the total S(υ) does not have a
vibration component.] It becomes clear that the first two peaks
(at 42 and 200 cm-1) represent translational librations of water
molecules, whereas the third peak (at 450 cm-1) is a result of
rotational librations. Furthermore, both the translation Strn(υ)
and the rotation Srot(υ) density of state have nonzero value at
zero frequency, indicating translational and rotational diffusion
of liquid water molecules. The 2PT method provides a robust
way to obtain the gas and solid-like components of each
spectrum (see Figure 1b and 1c). Note that the rate of decay in
the gas-like component (Sgtrn(υ) and Sgrot(υ)) depends on the
value of fluidicity (eqs 11 and 22), and the fluidicity is
determined solely from the value of dimensionless diffusivity
constant ∆ (eq 12). Highly diffusive systems (e.g., low density
gases) would have a large value of ∆ and nearly unity value of
f, whereas nondiffusive systems (e.g., solids) have nearly zero
values of both ∆ and f.
Once the density of state functions are calculated (as given
in Figure 1), the entropy of the system is determined. Table 1
lists the entropy and its components of five water models at
25 °C and 1 g/cm3 determined from the 2PT method. For
comparison, the experimental value and literature reports based
on other simulation techniques are also included. As can be
seen, the entropy of water obtained from 2PT is in good
agreement with the results from rigorous finite difference6 and
free energy perturbation methods.26 The results from more
approximate methods (e.g., the cell theory of Henchman9 and
the method based on nearest-neighbors pair correlation func-
tion6) overestimate the absolute entropy value of water. The
F3C is a flexible water model, and thus the vibration contribution
is nonzero, though quite small (0.04 J/mol K). Among these
five water models, the (2PT) entropy of TIP3P water (68.49
J/mol K) is closest to the experiment27 (69.95 J/mol K), and
TIP4P-Ew (59.32 J/mol K) is the least accurate in terms of
reproducing the experimental entropy value at 25 °C.
Also given in Table 1 are the values of entropy calculated
assuming all the motions are harmonic, i.e., the 1PT method.
Clearly, the 1PT results (harmonic approximation) significantly
Figure 1. Density of state functions for liquid water (SPC model) at
25 °C and 1 g/cm3. (a) Total density of state function S(υ) and the
translation Strn(υ) and rotation Srot(υ) components. (b) Translation
density of state function and the gas Sgtrn(υ) and solid-like Sstrn(υ)
components. (c) Rotation density of state function Srot(υ) and gas Sgrot(υ)
and solid-like Ssrot(υ) components.
TABLE 1: Comparison of Entropy (in Units of J/mol K) of Liquid Water at 25°C and 1 g/cm3 Calculated from the 2PT
Method for Different Water Models
water model
F3C SPC SPC/E TIP3P TIP4P-Ew
Strn(2PT) 50.59 ( 0.25 53.05 ( 0.14 49.87 ( 0.14 55.59 ( 0.15 49.79 ( 0.07
Srot(2PT) 11.54 ( 0.06 12.03 ( 0.03 10.41 ( 0.04 12.90 ( 0.04 9.53 ( 0.07
Svib(2PT)a 0.04 ( 0.00 - - - -
ftrn(2PT)b 0.25 ( 0.01 0.29 ( 0.01 0.23 ( 0.01 0.34 ( 0.00 0.24 ( 0.01
frot(2PT)b 0.06 ( 0.00 0.07 ( 0.00 0.05 ( 0.00 0.08 ( 0.00 0.05 ( 0.00
S(2PT) 62.18 ( 0.30 65.09 ( 0.13 60.28 ( 0.16 68.49 ( 0.14 59.32 ( 0.12
S(1PT) 53.82 ( 0.13 56.24 ( 0.13 52.28 ( 0.18 59.37 ( 0.17 51.39 ( 0.09
S(CT)c - 70.10 66.60 72.70 66.30
S(NN)d - 73.51 66.91 80.19 65.46
S(FD)d - 65.10 ( 3.35 64.48 ( 3.35 70.86 ( 3.35 -
S(FEP)d - 68.20 63.36 72.58 63.62
S(expt)e 69.95 ( 0.03
a SPC, SPC/E, TIP3P, and TIP4P-Ew are rigid water models and do not have vibration contributions. b Fluidicity factor in translation (ftrn)
and rotational (frot) motions. c Data taken from the work of Henchman9 using the cell theory. d Data taken from the work of Wang et al.6 and
Shirts and Pande26 using the nearest-neighbors (NN) pair correlation function, the finite difference method (FD), and the free energy
perturbation (FEP) method. e Experimental data are taken from the NIST database.27
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underestimate the entropy of water. The 2PT method correctly
accounts the anharmonic effects for low frequency motions, with
about 25% of the translational (ftrn ) 0.23 to 0.34) and about
6% of the rotational (frot ) 0.05 to 0.08) degrees-of-freedom
being gas-like.
4.2. Entropy of Water along the Saturation Curve. A more
stringent validation of the 2PT method is its applicability over
a wide range of temperature and density. Table 2 summarizes
the energy and entropy of SPC water simulated along the
vapor-liquid saturation line from the triple point (273.16 K)
to the critical point (647.29 K). At each temperature, both the
liquid and the vapor phases are simulated using the density of
real water (column 2 in Table 2). The comparison of entropy
determined using the 1PT (harmonic approximation) and 2PT
method is also illustrated in Figure 2. We see that the 2PT
method provides reliable values of entropy for both the liquid
and vapor water over the whole temperature ranges. The
translational and rotational fluidicity (last two column in Table
2) varies from ftrn ) 0.23 and frot ) 0.05 at the triple point to
ftrn ) 0.77 and frot ) 0.32 at the critical water, and ftrn ) frot )
1.0 for densities and temperatures corresponding to gases (ideal
gas state). This change in the fluidicity of water across the
density range is consistent with our expectations. In contrast,
the 1PT method underestimates entropy in the liquid phase and
overestimates entropy in the vapor phase.
Also shown in Table 2 are the total energies of water along
the saturation curve. The energies of SPC water (Emd) are in
good agreement (about 2% error) with experiment. The differ-
ence between Emd and 2PT energy, E(2PT), is the quantum
correction and the zero point energy. The quantum corrections
are negligible for gases but become significant for low temper-
ature liquids.
Table 3 (and also in Figure 2) summarizes the 2PT entropy
of saturated liquid water from the triple point to the critical
point using five different water models. The difference in
entropy from different models is largest at the triple point and
is reduced at the critical point.
4.3. Convergence and Efficiency. A particularly attractive
feature of the 2PT method is its fast convergence for entropy
calculations. Figure 3 illustrates the standard deviation in the
calculated entropy using trajectory of different lengths, 5, 10,
20, 50, 100, 200, and 500 ps after the system being equilibrated
at 300 K. The entropy of liquid water converges after around
10-50 ps, whereas the convergence time is longer, about 200
ps, for vapor water. This is the time required for sufficient
collisions between the gas molecules to obtain a converged
TABLE 2: Comparison of Energy and Entropy of SPC Water Determined with (E(2PT) and S(2PT)) and without (Emd and
S(1PT)) the 2PT method
T F Emd E(2PT) E(exptl)a S(1PT) S(2PT) S(exptl)a ftrn frot
(K) (g/cm3) (kJ/mol) (J/mol K) (-) (-)
273.16 0.9998 -0.20 4.22 0.00 50.77 58.65 61.21 0.23 0.05
285.15 0.9993 0.80 4.97 0.91 53.57 62.23 65.40 0.28 0.06
298.15 0.9968 1.82 5.74 1.89 56.37 65.26 68.78 0.29 0.07
313.15 0.9925 2.98 6.66 3.02 59.66 68.77 72.60 0.32 0.07
333.15 0.9833 4.50 7.87 4.52 63.78 73.05 77.46 0.34 0.09
353.15 0.9718 5.98 9.08 6.03 68.14 77.35 82.31 0.39 0.09
373.15 0.9579 7.51 10.35 7.55 72.05 81.32 86.88 0.43 0.11
423.15 0.9166 11.18 13.50 11.38 81.55 90.35 96.42 0.48 0.13
473.15 0.8651 14.89 16.80 15.32 90.79 98.80 105.41 0.55 0.16
523.15 0.7994 18.79 20.34 19.46 99.78 107.11 113.44 0.58 0.18
573.15 0.7128 22.96 24.21 24.00 109.60 115.56 121.54 0.63 0.21
613.15 0.6105 27.02 28.02 28.28 118.45 123.51 128.49 0.66 0.24
633.15 0.5283 29.65 30.52 31.08 124.72 128.70 132.96 0.69 0.26
647.29 0.3170 35.09 35.73 36.57 138.61 139.21 141.63 0.77 0.32
633.15 0.1440 40.25 40.68 42.35 155.55 150.82 150.70 0.83 0.44
613.15 0.0926 42.03 42.39 44.35 163.88 155.76 154.85 0.87 0.51
573.15 0.0461 43.58 43.86 46.12 176.86 162.23 160.90 0.91 0.62
523.15 0.0199 44.52 44.73 46.89 193.24 168.55 167.33 0.95 0.75
473.15 0.0079 45.12 45.27 46.77 217.30 175.73 174.95 0.98 0.87
423.15 0.0025 45.15 45.23 46.10 239.04 184.71 184.50 0.99 0.95
373.15 5.98 × 10-4 44.79 44.83 45.16 273.65 195.81 195.77 1.00 0.99
353.15 2.94 × 10-4 44.54 44.56 44.71 280.67 202.37 202.35 1.00 0.99
333.15 1.30 × 10-4 44.22 44.22 44.26 282.55 207.57 207.57 1.00 0.99
313.15 5.12 × 10-5 43.76 43.76 43.78 297.85 214.01 213.86 1.00 0.99
298.15 2.31 × 10-5 43.42 43.42 43.42 315.14 217.82 217.63 0.99 0.99
285.15 1.07 × 10-5 43.10 43.10 43.09 310.91 222.85 222.85 0.99 0.99
273.16 4.85 × 10-6 b42.80 b42.80 b42.80 306.14 227.89 227.89 0.99 0.99
a Experimental data are taken from the steam table.22 b The reference state energy from MD is set so that simulation energies are the same as
that from the steam table for saturated vapor at the triple point.
Figure 2. Entropy of liquid (below the dashed line) and vapor (above
the dashed line) water along the vapor-liquid equilibrium curve (from
triple point 273.16 K to the critical point 647.29 K) calculated using
the 2PT method using different water models. The solid line represents
experimental data. The dashed horizontal line indicates the entropy of
water at the critical point.
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density of state distribution. In practice, after equilibration of
the MD for such times, an accurate value for the entropy can
be obtained in ∼10 ps. Thus, for practical calculations, the MD
is run until the system is equilibrated, saving points along the
trajectory every 1 ps, then the MD is continued for an additional
10 ps, keeping the trajectory every 4 fs. This decreases the issues
of data storage.
The time evolution of the entropy of each individual water
molecule can also be obtained from the 2PT method. Figure 4
illustrates the entropy population of water molecules from
different lengths of simulation trajectories. At short times (e.g.,
1 ps), the distribution is broad with many peaks. This indicates
the presence of different chemical environments in the liquid
phase. At longer times (e.g., 500 ps), each water may diffuse
to sample the various environments, leading to a smooth
Gaussian-type population distribution. The rapid convergence
of the 2PT method and the capability of sampling entropy of
individual molecules make it a powerful tool for studying the
thermodynamics of water in biological systems. In particular,
since the free energy can be obtained from just 10 ps of MD,
the dynamical processes of such systems can be followed as
they fold or react.
5. Conclusion
In this work, we extend the two-phase thermodynamic (2PT)
model to describe molecular systems. We show that the 2PT
method can produce converged entropies of liquid water from
a short, 10 ps MD trajectory. We compare the entropy of water
determined based on five water models, SPC, SPC/E, F3C,
TIP3P, and TIP4P-Ew, and find that the 2PT entropy agrees
well with more rigorous simulation techniques. We also show
that the 2PT model is capable of producing the correct entropy
of water in both the liquid and the vapor phases along the
saturation curve from the triple point to the critical point. The
rapid convergence and reliability of this method over a wide
range of temperature and pressure (or density) conditions make
it a practical tool to study the role of water in biological
processes.
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